WIND-DRIVEN CURRENTS IN A SHALLOW LAKE OR SEA
by Marvin Goldstein and Richard T Gedney Lewis Research Center ABSTRACT For shallow lakes and seas such as the great lakes (especially Lake Erie) where the depth is not much greater than the Ekman depth the usual Ekman dynamics cannot be used to predict the wind driven currents. The necessary extension to include shallow bodies of water, gi,yen by Welander, leads to a partial differential equation for the surface displacement which in turn determines all other flow quantities.
A technique for obtaining exact analytical solutions to Welander's equation for bodies of water with a large class of bottom topographies which may or may not contain islands is given. It involves applying conformal mapping methods to an extension of Welander's equation into the complex plane When the wind stress is constant (which is the usual assumption for lakes) the method leads to general solutions which hold for bodies of water of arbitrary shape (the shape appears in the solutions through a set of constants which are the coefficients in the Laurent expansion of a mapping of the particular lake geometry) The method is applied to an elliptically shaped lake and a circular lake containing an eccentrically located circular island
1, INTRODUCTION I
A main source of motion in the oceans andUakes is the wind. When the wind acts on the surface of a deep body of water, it sets up a circulation pattern which consists of a top and bottom friction (boundary) layer separated by a geostrophic (inviscid) core. In Ekman dynamics, the bottom stress is assumed proportional to the geostrophic velocity.
However, Ekman dynamics is only valid when the thickness of the friction (or Ekman) layer is negligible by comparison with the depth of the lake, The application of Ekman dynamics to any of the Great Lakes is questionable since they all have shallow regions of considerable extent, In Lake Erie, for moderate wind speeds, the thickness of the friction layer is comparable to the depth over much of the lake and Ekman dynamics can very definitely not be applied.
,.,
The necessary extension of the Ekman analysis to the case of a homogeneous shallow lake has been given by Welander (1957) sented by an infinite series with each term a product of a function of one of the independent variables and a function of the other, When the wind stress is constant the method leads to general solutions which hold for bodies of water with shore lines of arbitrary shapec The shape appears in the solution through a set of constants which are the coefficients in the Laurent expansion of a mapping of the particular lake geometry,
2, FORMULATION
In the present analysis the basic approximations are that the water density is constant, the vertical eddy viscosity is independent of depth but dependent on wind velocity, the pressure is hydrostatic, and the lateral friction and nonlinear acceleration terms can be neglected. The above assumptions reduce the momentum equations to two equations containing the horizontal velocities and the surface slope as unknowns. The effect of the Coriolis force is included but its variation with latitude is not taken into account. The appropriate boundary conditions for these equations are a no-slip condition at the lake bottom and a specified shear stress (due to the wind) at the air-sea interface. These equations and boundary conditions can be solved analytically for the velocity
where | is the vertical coordinate measured upward from the lake surface, £ is the surface displacement of the sea or lake above its zero- 
Equation (1) is a slightly rearranged form of that given by Welander (1957) . For details of the derivation of the above equation and a discussion of the approximations involved in the derivation, see Gedney (1971) .
For instance Gedney has shown for Lake Erie that the approximations used, except for the approximation of a constant eddy viscosity, induce at the most a small (of the order of 10" ) error in the calculations. (5) is an analytic function of the complex variable z = x + iy
We are interested in obtaining solutions to equation (1) for a shallow sea or lake which is either bounded by a single closed curve C such as that shown in figure l(a) or a lake which contains a single island as shown in figure 2(a), Thus in the latter case we consider the doubly-corrected region where the outer boundary (shore line) is C and the inner (island) boundary is S. In either case we shall suppose that the bottom topography of the basin can be approximately described by a function of the forms (4) and that the depths along the shore line C in figure l(a) and C and S in figure 2(a) are constants (which may in general be different).
Equation (4) therefore shows that the harmonic function u must also be constant along C in figure 1 (a) or along C and S in figure 2(a). Without any loss of generality we can always redefine the functions H and u so that u = 0 on C. When an island is included in the lake we shall denote the constant value of u on S by UQ, Again without loss of generality, it is always possible to arrange matters so that Ug < 0. Now consider the analytic function w introduced in equation (5) are sufficiently smooth, the Reimann mapping theorems for simply and doubly connected regions guarantee that the mappings z -T described above will always exist.
We now introduce polar coordinates into the T-plane by the relation Since u is constant on the curve C and also when an island is present on the curve S, the boundary condition (3) becomes ( \* M =0 for zeC (6) dw/ and when the island is present YJ^QJ-)=0 for z e s ( 7 ) \dw/ Upon substituting the relation (4) into equations (1) and (2), then substituting equation (2) into equations (6) and (7) and introducing r and Q as the new independent variables we get a(r)r? r B e(r) _3a /dzV (10) (for r = 1) . . _ sinh H(r) + sin H(r) "/ \ 1 = ti(r) cosh H(r) + cos H(r) and the partial derivative with respect to T is taken with T* held constant. We have now shown that the surface displacement of the sea or lake can be found by solving equation (8) 
The function 77 must certainly be periodic. Hence upon taking the finite Fourier transforms of equations (11) and (12) And the contour C is to be taken as any contour within the unit circle enclosing the origin for the case where no island is present and any contour within the annular region of figure 2(b) which encloses the origin for the case where an island is present.
We have therefore reduced the problem of finding the surface displacement to that of solving the ordinary differential equation (15) subject to the boundary condition (or conditions) (16). In the case where no island is present the second boundary condition is replaced by a boundedness condition on ft. at r = 0.
CONSTANT WIND STRESS
For lakes and to a lesser extent for shallow seas the case of principal interest for steady state winds is that for which the wind stress is constant. The reason for this is that the uncertainties in the wind velocity measurements are of the order of the variation of this velocity over the body of water. In comparing measurements and calculations Gedney (1971) found this to be true for Lake Erie. In this case a is independent of 9 and it follows from the Cauchy-Goursat theorem that equations (18) (15) and (16) for ft, is independent of the actual shape of the body of water and depends only on the bottom topography. Hence the ft can be determined once and for all for an arbitrary lake. The effect of the lake shape enters the problem in two ways. First equation (14) determines the surface displacement in terms of the parametric variables r and 6. The mapping z -T which maps the particular shaped lake into the T-plane must then be used to relate r and 9 to the physical coordinate and therefore allows £ to be expressed as a function of x and y.
-12 -The effect of geometry also enters through sequences of constants { I } . In fact it is easy to see that I is simply the coefficient of T -( ) in the Laurent series expansion of dz/dT about T = 0. This shows that for the case where an island is not present no positive power of n appear in the series (14).
Thus, an exact solution for the sea-level elevation (and since all other physical quantities can be expressed in terms of this, an exact solution to the complete flow problem) can be obtained once the ordinary differential equation (14) with the boundary conditions (15) has been solved.
SOLUTIONS WHEN THE DEPTH IS GREATER THAN ONE HALF THE EKMAN FRICTION THICKNESS
It is shown by Goldstein, et al (1970) In order to illustrate the method we shall work out specific examples using only the approximate equations (22) through (24).
(a) Elliptic Lake Without An Island First consider the case of a lake with no island which has an approximately parabolic bottom topography given by
where H + 6 is the constant depth at the shore. (27) and (29) into equation (14) determines the surface displacement.
RESULTS
A method for obtaining the analytical solution to equation (1) for the surface displacement in a lake or shallow sea has been given in terms of the power series __
The variables r and 9 are related to physical coordinates x and y of the lake through a conformal mapping function which depends only on the shape of the lake. The coefficient I* is determined solely by this mapping function. The bottom topography h(x, y) has been chosen in such a way that it depends only on r in the transformed r, 0-plane.
In general the effect of the lake bottom topography as well as the lake boundary shape enters through the functions ^n(r) which are determined from the ordinary differentiation equation (15). However, for a constant wind stress fi n (r) depends only on the bottom topography,
Results will be given here for the case when the bottom depth is greater than one half the Ekman friction thickness and the wind stress is a constant. Under these restrictions the functions fi (r) are determined from the ordinary differential equation (23 The stream function plot consists of two gyres; the gyre on the right is rotating clockwise and the one to the left of the wind is rotating counterclockwise. The two gyres are separated by a dividing streamline which in this case has a value of zero. The value of \j/ on both the island and mainland shores is zero and the zero streamline in the interior has been twisted relative to the wind in a clockwise direction.
As shown by the i// plots obtained by Gedney (1971) , the dividing streamline for a dish shaped basin whose depth increases monotonically from the shore to some interior point always runs through the maximum depth point. If the depth decreases monotonically from the shore to an interior point, the dividing streamline would run through the minimum depth point. In the case of the island shown in figure 5(c), the zero streamline runs through the minimum depth point interior to the mainland shore which happens to be the island boundary. If the island was not placed at the minimum depth point the value of i// on the island boundary would be different from zero since the path of the streamline dividing the two gyres is determined primarily by the extremes in the bottom topography.
The 
